




















Was the universe open or closed before inflation?
Eduard Masso´a, Subhendra Mohantya,b & Gabriel Zsembinszkia
a Department of Physics & IFAE, Universitat
Auto`noma de Barcelona, 08193 Bellaterra, Spain
b Physical Research Laboratory, Ahmedabad 380009, India
(Dated: December 20, 2006)
Abstract
If the universe had a large curvature before inflation there is a deviation from the scale invariant
perturbations of the inflation at the beginning of inflation. This will have some effect on the CMB
anisotropy at large angular scales. This deviation from scale invariance at large angular scales can
be used for putting constraints on the curvature of the universe from observations of CMB. We
calculate the density perturbations for the case of an open and closed universe using the Bunch-
Davies vacuum condition on the initial state. Our results for the power spectrum of the open and
closed cases show larger deviations from scale invariance compared to earlier calculations, owing
to differences in the assumption of initial vacuum state and the criterion for horizon crossing and




The curvature of the universe goes down exponentially after the start of inflation [1].
If there is a residual curvature still present by the time the scales which are entering our
horizon at present were leaving the inflationary horizon there will be deviation from the scale
invariant perturbations due to non-zero curvature. The corrections to the power spectrum
at horizon scales are multiplicative powers of (1 −K/β2), where the curvature K = (Ω0 −
1)(a0H0)
2 and β =
√
k2 +K is the comoving canonical wavenumber. We calculate the
primordial power spectrum for the cases of closed and of open universes at the time of
inflation. We choose the Bunch-Davies boundary condition to normalize the wave-functions.








)2 , β√K = 3, 4, 5 · · · (for K > 0). (1)










) , β√|K| > 1, (for K < 0). (2)
where β are the eigenvalues of the radial-part of the Laplacian. In the case of closed universe
β takes discrete values in units of
√
K = R−1c (Rc being the curvature radius), the modes
corresponding to β/
√
K = 1, 2 can be eliminated by gauge transformations [3] so there is a
large-wavelength cutoff at β−1c = Rc/3. This large wavelength cut-off in a closed universe
has been used to explain the observed low CMB anisotropy at low multi-poles [4] and [5].
In the case of open universe only modes with β >
√|K| cross the inflationary horizon.
Our result for the power spectrum in the closed and open universe cases differs from the








used in the calculation of CMB anisotropies in both the closed and open cases. Our results
agrees qualitatively with (3) in that the power at small β is suppressed in the closed universe
inflation (1) and enhanced in the open universe (2).
According to inflation [1], the curvature of the present universe Ω0 − 1 is related to the
2
curvature at any time during inflation Ωi − 1 as
Ω0 − 1






If ai is the scale factor at the time during inflation when scales of the size of our present
horizon were exiting the inflationary horizon then a0H0 = aiHi and Ω0 = Ωi. If the curvature
at the beginning of inflation (Ωstart − 1) = O(1) then in order to have a deviation of say
one-percent from unity in the present curvature, the number of e-foldings prior to the ai
must be small. Putting an upper bound on the present curvature (Ω0−1) from observations
also puts an lower bound on the number of extra e-foldings necessary in inflation in addition
to the minimum number needed to solve the horizon problem [7].
The geometry of the universe can be determined from the CMB anisotropy from the an-
gular size of the acoustic peak. However the constraints on the density of the universe Ω de-
pends upon priors like the value H0 and Ωλ. For example the combination of WMAP+SDSS
gives a constraint on the density of the universe as (Ω− 1) = 0.037+0.015−0.021 which means that
the curvature at one-σ could be as large as K/(a0H0)
2 = 0.052. In the case of the closed uni-
verse the power spectrum (1) PR ∝ (1+K/(a0H0)2)−2 at the scale of the horizon β = a0H0
are suppressed by about 10%. The effect of curvature shows in the temperature anisotropy
at low-multipoles in addition to the location of the angular peaks. In a following paper we
will use our formulae for the power spectrum in closed (1) and open universe inflation (2)
to determine the best fit value of curvature K from the WMAP data.
II. SCALAR POWER SPECTRUM
We expand the inflaton field φ(x, t) ≡ φ(t)+ δφ(x, t), where the perturbations δφ around






∇2δφ = 0. (5)












δφk = 0 (7)
∇2Q(x, k) = −k2Q(x, k) (8)
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where ∇2 is the Laplacian operator for the spatial part. Making the transformation dη =
dt/a and δφk(η) = σ(η, k)/a(η) we get the KG equation for σ(η, k)
σ′′ + (k2 − a
′′
a
)σ = 0 (9)
where primes denote derivatives w.r.t conformal time η.















Consider the universe with cosmological constant and curvature, then ρ = ρλ and p = −ρλ







2 −K ≡ 2a2H2λ −K (12)




1/2 is the Hubble parameter during pure inflation. Substituting (12) in
the KG equation (9) we obtain,
σ′′ + (k2 − 2a2H2λ +K)σ = 0. (13)
The curvature affects the wave equation of σ(η) in the explicit dependence K and also in
the changed dynamics of η dependence of the scale factor a which is important in the early
stages of inflation.







where σ(η) is the solution of equation (13) and the spatial harmonics Q(x) are solutions of
equation (8) [3]. One can separate the radial and angular modes of Qlmβ (r, θ, φ) as




l (θ, φ) (15)
where β = (k2+K)1/2 are the eigenvalues of the radial-part of the Laplacian with eigenfunc-
tions given by the hyperspherical Bessel functions Φlβ(r) which are listed in [3]. In the limit
4
K → 0, the radial eigenfunctions Φlβ(r)→ jl(k r). The main properties that are needed for
the calculation of the power spectrum are orthogonality∫
γr2drdΩQlmβ (r, θ, φ)Q
∗ l′m′




where γ = (1 + Kr
2
4




β2dβQlmβ (r, θ, φ)Q
∗ lm
β (r
′, θ′, φ′) = γ−1
1
r2
δ(r − r′)δ(θ − θ′)δ(φ− φ′) (17)
In case of closed universe the integral over β is replaced by sum over the integers β/
√
K =
3, 4, 5.... For open and flat universes β is a real non-negative variable.
The gauge invariant perturbations are a combination of metric and inflaton perturbations.
The curvature perturbations are gauge invariant and at super-horizon scales are related to
the inflaton perturbations as
R(x, η) = H
φ˙
δφ(x, η). (18)
Curvature perturbations generated during inflations are frozen outside the horizon till they
re-enter in the radiation or matter era. CMB anisotropies at large angles are caused by
curvature perturbations in the surface of last scattering which enter in the matter era. The
Sachs-Wolfe effect at large angles, relates the temperature perturbation in the direction n
observed by the observer located at the point (x0, η0) to the curvature perturbation at the





















Here we have used the fact that R does not change after exiting the horizon during inflation
(at a conformal time which we shall denote by η∗) till it re-enters the horizon close to
the LS era. Using the Sachs-Wolfe relation (19) and the mode expansion of the curvature















|R(β, η∗)|2 |Φlβ(η0 − ηLS)|2 (21)
5










Pl(nˆ1 · nˆ2)Cl (22)










|PR(β)|2 |Φβl (η0 − ηLS)|2 (23)












We shall now derive the power spectrum for the open and closed inflation universes.
III. CLOSED UNIVERSE INFLATION













We consider as initial conditions the moment when the inflaton energy density starts to























,∞), so for K 6= 0 our initial conditions are different from the standard inflation case.



















σ(η) = 0. (29)
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The normalization constants c1 and c2 are determined by imposing the Bunch-Davies vacuum
condition i.e the assumption that in the infinite past limit η → −pi/(2√K), σ is a plane
wave which obeys the canonical commutation relation
σ∗σ′ − σ∗′σ = i (31)
from which we obtain
|c1| = 1√
2(k2 +K)3/4
, c2 = 0. (32)
Replacing these constants into (30)we find that in the limit η → −pi/2,




β = (k2 +K)1/2. (34)
We will assume that the vacuum state of the universe |0〉 is the state in which there are no




















Using the commutation relation (31) of σBD and the orthogonality of Q
lm
β (16) we see that






δ(β − β ′)δll′δmm′ . (36)
From the foregoing discussion it is clear that β is the radial canonical momentum. The
quantum fluctuations become classical when β = aH . We shall evaluate the power spectrum
at horizon crossing, as the modes do not change after exiting the inflation horizon till they
re-enter the horizon in the radiation or matter era.
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We want to evaluate the spectrum of perturbations at horizon crossing. The horizon crossing
condition is given by












and of the conformal time




















IV. OPEN UNIVERSE INFLATION









where we work with the absolute value of the curvature, taking into account that |K| = −K













The conformal time spans the interval η = (−∞, 0) as the scale factor varies in the interval
















σ(η) = 0. (47)

























The normalization constants c1 and c2 are chosen so that in the infinite past η → −∞ limit
one gets plane waves satisfying the following relation
σ∗σ′ − σ∗′σ = i (49)
and obtain,
|c1| = 1√
2k(k2 − |K|)1/4 , c2 = 0. (50)




β2 + |K| coth2√|K|η
2(β2 + |K|) β
]
. (51)
where for the open universe,
β = (k2 − |K|)1/2. (52)
The horizon crossing condition is given by












and the corresponding conformal time is given by






The Hubble parameter at horizon crossing is
H(a∗) = Hλ
β√
β2 − |K| . (56)
We notice that in an open-universe stage of inflation, only the modes satisfying the condition
β2 > |K| will cross the Hubble radius.













There are earlier calculations of power spectrum in a non-flat inflationary universe [8],
[9], [10], [11], [12] and [13]. Our results for the primordial power spectra for both the
closed and open pre-inflation universe cases differ in some details from these earlier papers
because of difference in the way we have implemented the initial conditions. Our results of
the primordial power spectrum have been derived assuming that the vacuum state in the
infinite past was the Bunch-Davies vacuum and we have evaluated the primordial power
spectrum at horizon crossing of the perturbation modes.
At the beginning of inflation the curvature Ω − 1 is expected to be of order one. By
the time perturbations of our horizon seize exit the inflation horizon, the curvature drops
to Ω0 − 1 which is the present value. A non-zero observation of the curvature will tell us
the whether the universe prior to inflation was open or closed (even though it is almost flat
now) and put constraints on the number of extra e-foldings that must have occurred beyond
the minimum number needed to solve the horizon problem. Spatial curvature is a threshold
effect which can give us information on the pre-inflation universe from observations of the
CMB anisotropy at large angles, similar to the effect of a possible pre-inflation thermal era
[14, 15].
The spatial curvature is measured in the CMB mainly from the angular size of the acoustic
horizon. From the power spectrum of the curved and open inflation cases we see that if
K > 0, power is suppressed at large angles and if K < 0 power is enhanced at large angles.
A more accurate determination of the curvature of the universe from the observations of
10
CMB anisotropy spectrum can be achieved by using (1) and (2) as the primordial power
spectrum generated in inflation for the closed and open universe respectively.
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